The Brownian-type molecular dynamics simulation is revisited and applied to study the thermal and geometric properties of four mono-and two polyvalent metallic clusters. For the thermal property, we report the specific heat at constant volume C V and study the solid-liquid-like transition by scrutinizing its characteristic. For the geometric property, we calculate the root mean square relative bond-length fluctuation ␦ as a function of increasing temperature. The thermal change in ␦ reflects the movement of atoms and hence is a relevant parameter in understanding the phase transition in clusters. The simulated results for the C V of alkali and aluminum clusters whose ground state structures exhibit icosahedral symmetry generally show one phase transition. In contrast, the tetravalent lead is quite often seen to exhibit two phase transitions, a premelting process followed by a progressive melting. In connection with the premelting scenario, it is found here that those ͑magic number͒ clusters identified to be of lesser stability ͑among other stable ones͒ according to the second energy difference are clusters showing a greater possibility of undergoing premelting process. This energy criterion applies to aluminum clusters n Al ϭ28 and 38. To delve further into the thermal behavior of clusters, we have analyzed also the thermal variation of ␦(T) and attempted to correlate it with C V (T). It turns out that the premelting ͑if exist͒ and melting temperatures of the smaller size clusters (nՇ50) extracted from C V do not always agree quantitatively with that deduced from ␦.
I. INTRODUCTION
The study of metallic clusters is of common interest to academic and industrial communities. To the academic community, the very fact that metallic clusters lying in between on one extreme the entity atom and on the other extreme the entity bulk matter offers a great challenge to researchers working in various disciplines spanning physics, chemistry, computational science, and material science. To the industrial community, this system has many potential applications in optoelectronic nanodevices, catalysts, and chemical sensors etc. 1 owning to their optical, electronic, and chemical properties intimately linked to their finite-sized dependence. Let us look at this physical system a little closer. When a cluster of metallic atoms is in the ground state its structural stability is determined solely by the mutual interactions between two species, the valence electrons, and the ions. These Coulomb interactions are predominantly many body in nature due to the distribution of atoms in proximity. At a finite temperature, the thermal effect ͑entropic͒ creeps in and superposes the many-body interactions ͑energetic͒. Since the number of atoms involved in clusters are generally much smaller compared with the bulk counterpart, it is reasonable to cast doubt on whether the current solid-or liquid-state theories, formulated and worked so well for the bulk system, remain useful tools for the finite-sized metallic clusters. Two closely related questions are often asked: 2 How do we construct from first principle a many-body potential appropriate for the description of the ionic configuration in a metallic cluster? What role does valence electrons play in the geometrical structure of such clusters? These frequently asked questions have sparked theoretical [3] [4] [5] [6] [7] and experimental [8] [9] [10] efforts trying to seek for the answers. Considerable progress has in fact been achieved. 11 Despite these efforts and the considerable amount of works that have been reported, a first-principles many-body potential theory for metallic clusters, at the same quantitative level as that formulated for an atomic or a bulk system, remains lacking. This poses a great challenge to condensed matter theorists. Here the inherent difficulties lie in the intricate many-body nature of the Coulombic interactions of ions and valence electrons in metallic clusters where the usual effective interactions among pseudoatoms derived in the pseudopotential Born-Oppenheimer approximation and proved to be useful in bulk metals, sp-metals, for example, are generally inadequate when applied to a finite-sized system. In view of this, an alternative substitution is proposed. The strategy is to use an empirical or a semiempirical potential fully incorporating bulk properties into the potential parameters. The basic assumption in this kind of approach is that the constructed many-body potential is equally applicable for the bulk metals as well as for the metallic clusters. Several useful analytic models are: the Gupta potential, 12 embedded atom approximation, 13 Sutton-Chen potential, 14 quantal distance-dependent tight-binding model, 15 glue potential, 16 etc. All of these models have been applied to study various equilibrium properties of metallic clusters. Among them we have recently 17 applied the Gupta-type potential to calculate the ground state structures for four alkali metals and one polyvalent metal lead. This so-called n-body Gupta potential has its origin in studies of relaxation near surfaces and impurities in bulk transition metals. 12 The usefulness of this type of potential was given much credence in subsequent applications. Tomanek and co-workers 18 used it to describe bulk equilibrium properties, such as the energy and elastic properties of bulk crystalline phase, and the same potential was employed to study the bond contraction and energy changes at surfaces as well. The main idea underlying the Gupta-type potential is analogous to the tight binding model previously put forth by Ducastelle 19 and Friedel. 20 In essence, the metallic Gupta-type empirical many-body potential is constructed within the second moment approximation that takes into account the main band character of the metallic bond. Using the Gupta-type potential, we found in a recent work 17 that the second energy difference curves show striking regularity for all of the alkali metals Na, K, Rb, and Cs and the cluster growth patterns in this group manifest icosahedral. In contrast, less number of stable structures are found for Pb and its cluster structures are mainly close packed and decahedral. 17 In view of these findings, it is natural to extend the preceding work to examining the thermal behavior of these metals.
The motivation that brings about this work is fourfold. First, there are increasing number of experiments 9, 10, [21] [22] [23] [24] [25] [26] [27] reported to have located unambiguously the melting temperatures of free or isolated metallic clusters at various sizes. In addition, there exist ambitious calculations using firstprinciples dynamical schemes 28 -32 steered at investigating quantitatively the structural and thermal properties of metallic clusters at a level of treating valence electrons and ions on an equal footing. These laboratory experiments and numerical studies are indispensable for understanding the mechanism of melting in clusters. 2 Second, we intend to compare in this work the temperature dependences of metallic clusters pertaining to different electronic densities. For this purpose, we have included also the trivalent metal Al. Already several papers [33] [34] [35] [36] 38 to study larger size metallic clusters at finite temperatures. This numerical algorithm has the distinct advantage of readily achieving ergodicity and has not been used for larger clusters. The layout of the paper is as follows. In Sec. II we summarize all relevant equations needed in the MD simulation. The Gupta-type potential will be introduced in the same section. We report our simulation results in Sec. III, respectively, for alkali metals, trivalent and lastly for tetravalent metals. Cross comparison of the temperature effect will be carried here. Reference is made also to other simulation works as well as experiments. Finally in Sec. IV, we give a summary of our work.
II. METHODOLOGY

A. Many-body empirical potential
For a finite-sized system such as the cluster, many-body interactions are important. Here, we employ the empirical Gupta-type potential. This potential has five parameters which are customarily determined in the literature by fitting to experimental bulk data. As in our preceding work, we write potential in the form
where n is the number of particles in the cluster and the repulsive contribution is
exp͓Ϫ p͑r i j /r 0 Ϫ1 ͔͒ ͑2͒
and the attractive part, due to the hybridization of valence electrons, is
in which r 0 is taken to be the nearest neighbor distance in the neighborhood of the equilibrium bulk interatomic distance, r i j ϭ͉R i ϪR j ͉ means one atom at the position vector R i and the other at R j away, and following Ducastelle 19 and Friedel, 20 the transfer integrals ␥(r i j ) is assumed to vary as
with defined to be the value of ␥ at rϭr 0 . We should emphasize that, for the alkali metallic clusters, we use rigorous calculations of Li et al. 5 of the local density approximation according to which the attractive interaction between atoms has been obtained by summing over neighbors within 12 coordination shells in a bulk crystal. The parameters p, q, , , and r 0 in the potential function are thus based on the first-principles results. No similar theoretical endeavour has been reported for the polyvalent metals Al and Pb. For these metals, their set of five parameters are taken from experimentally fitted bulk values.
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B. Molecular dynamics simulation
Having introduced the n-body Gupta-type potential, we proceed to describe briefly the Brownian-type isothermal MD applied to clusters. Since we are interested in the thermal properties of free clusters, we need to find a coupling scheme to account for the contact of a free cluster to the heat bath. According to Ju and Bulgac, 38 the modified cubic coupling scheme is an attractive choice. This modified version of a cubic coupling scheme 40 has been evaluated by the same authors 41 to be an efficient algorithm for a free cluster to achieve an ergodic state as well as for it to perform a fast exploration of the phase space. Explicitly, the equations of motion ͑for the x component͒ read
͑9͒
where x i and p xi are, respectively, the x component coordinate and momentum of the ith particle. The same set of equations hold for the y and z components. In Eq. ͑6͒, E n is the potential energy defined by Eq. ͑1͒, and x , x , and x are the x-component pseudofriction coefficients introduced to simulate the heat bath degrees of freedom. 4, 42 m is the atomic mass, p 0 ϭͱ2mT is an average thermal momentum at temperature T, and a 0 is a dimensionless constant with a value of the order of 1. L 0 is a constant with the dimension of length whose numerical value is of the order of 1 Å. e 0 ϳmL 0 2 D 2 /(4 2 ) is also a constant but with the dimension of energy. The magnitude of e 0 is of the order corresponding to the free cluster exhibiting a Debye frequency D . Lastly, the constants ␣ϳ␤ϳϳ͓mL 0 2 /(nTt 0
, in which t 0 ϭ2/ D is the smallest characteristic time scale of the system, are cluster independent. Note that these latter parameters depend explicitly on n; the 1/ͱn form is meant to cancel the ͱn behavior of the amplitude of fluctuations of the terms in parentheses in Eqs. ͑7͒-͑9͒.
Considering the kind and the size of clusters to be studied in this work, we have experimented different cases to arrive finally at the best possible set of parameters. They are L 0 ϭ1 Å, a 0 ϭ1, and D ϭ60ϫ10 12 s Ϫ1 . Although other choice of these constants are possible, the quality of the simulation results would not be affected provided that the simulation is run long enough. In this work, the equations of motion were integrated numerically using the Hamming predictor-corrector method of fourth order. With the chosen set of parameters, a larger time step ⌬tϭ1ϫ10 Ϫ14 s can be used. Each simulation run at each T was carried out for at least 10 7 steps. Much longer simulation time ͓(2 -5)ϫ10 7 steps͔ is performed for clusters in the temperature region showing the premeltinglike and in the meltinglike transition region. The total simulation time steps is therefore tу10 Ϫ7 s. We should mention that the present choice of time step has been tested against a smaller one ⌬tϭ5 ϫ10 Ϫ15 s that was used to run for 2ϫ10 7 steps. The latter is thus explored with the same total time as the one running with the time step ⌬tϭ1ϫ10 Ϫ14 s. Within statistical errors, we obtained the same results for the internal energy and specific heat. There are exceptional situations, however. For small clusters (nϽ20) or clusters in the lower temperature region (TϽ100 K), we find that a large time step generally fails to yield the true physical properties. When these happen, using ⌬tϭ1ϫ10 Ϫ15 s in the MD simulation will normally improve the simulation results. As regards the temperature increment, we run MD simulation at an interval of 5 K in the premelting and meltinglike regions, and at an interval of 10 or 20 K in all other regions. A remark concerning the evaporation event is in order. Since the temperature range over which we are interested does not close to around and above ''boiling'' transition, the possibility of occurrence of an evaporation is low. Nevertheless we have added in this work a linear restoring force every time a particular interparticle distance r i j Ͼ3R, where Rϭr 0 n 1/3 . The numerical documentation detailed above is now applied to study the thermal and geometric properties. In the first place, we note that when the system has been successfully driven to an ergodic state, the ensemble average of the physical quantity A(pЈ,qЈ) may be computed by a simpler time average over a time t max as 38, 43 ͗A͑ pЈ,qЈ͒͘ϭ
where the H(pЈ,qЈ) is the Hamiltonian, in which pЈ and qЈ are the momenta and coordinates of the n-atom cluster and Q n (T) is the n-atom canonical partition function. The t max is the period over which the system is in the ergodic state. In Eq. ͑10͒, k B is the Boltzmann constant. The configuration energy and specific heat are readily calculated by the above equation. For the specific heat of interest here, it is calculated by the relation
where E total ϭ ͚ i p i 2 /(2m)ϩE n . To study thermal properties, a cluster at T is heated up from its zero temperature configuration until it transforms into a liquidlike cluster. In the present coupling scheme, there are no conserved quantities, both the center-of-mass coordinate and momentum of the clusters are not constants of motion. The same is true in particular for the total angular momentum. Although we perform rather long simulation time ͓(1 -3)ϫ10
Ϫ7 s͔, the calculated C V vs T remain not smoothed. These fluctuations suggest further need of improvement for the coupling scheme. Also, we should mention that the Debye frequency used in our simulation corresponds to one possible choice of the highest frequency in the system. The actual Debye frequency for the metallic cluster is, however, not known. For this reason, we have tested other Debye frequencies in our simulation. Our simulation results show that a value greater than 60ϫ10 12 s Ϫ1 would yield the same thermal properties provided that the simulation is run long enough. On the other hand, if a Debye frequency much less than 60ϫ10 12 s Ϫ1 is used, no result of comparable quality can be anticipated.
Coming to the second quantity of interest here, we study the root-mean-square ͑rms͒ relative bond length fluctuation ␦. This quantity which reflects details of the geometric property is defined by
Because of the geometric information buried in it, ␦ is also known as the Lindemann parameter. When T is below the meltinglike transition, the cluster behaves much like a crystal characterized by atoms oscillating around their equilibrium positions. When ␦ changes drastically around some temperature region, it signals the cluster undergoes structural or phasic changes. We shall apply Eqs. ͑11͒ and ͑12͒ below to study these two quantities separately as a function of T.
III. NUMERICAL RESULTS AND DISCUSSION
A. Monovalent metallic clusters: alkali metals
Alkali metals Na, K, Rb and Cs: nË55
For the alkali metals, we refer the readers to our preceding paper 17 for the Gupta-type potential parameters used and for the ground-state geometries to be employed in the present Brownian-type isothermal MD simulation. The selection of the clusters to be studied is partly based on the second energy difference ⌬ 2 E defined by
This choice of clusters is motivated by our recent finding 17 that the ⌬ 2 E curves of all four alkali metals show striking regularity ͑see Fig. 3 and ␦ shows the following two features. First, we note that the cluster n Na ϭ13 shows only one distinct peak in C V whereas those of n Na ϭ20, 32, and 38 exhibit either a small hump or subpeak at a lower temperature followed by a broad maximum. Second, ␦ shows erratic structure with its magnitude enhances either gradually or sharply with T; the singlestep or multisteps regions across which the temperature change occurs may or may not match the peak position of C V . The first feature for the case n Na ϭ13 is related to the extremely stable icosahedral structure as evidenced by the location of the unambiguous peak position which may be identified to be the solid-liquid-like transition. In contrast, the next three clusters n Na ϭ20, 32, 38 have broad peak positions for the solid-liquid-like transition in addition to exhibiting a bump (n Na ϭ20, near TϷ100 K) or a subpeak (TϷ80 K for n Na ϭ32 and TϷ85 K for n Na ϭ38). Physically, these shoulderlike or prepeaks indicate the possibility of a cluster undergoing premelting before the solid-liquidlike melting process. Here, we refer to the phenomenon of premelting in a rather broad sense. It could be due to an isomerization where the clusters have the tendency, under thermal drive, of effecting an oscillatory switch from one well-defined shape to another, 44 or undergoing some form of surface melting or surface reconstruction. Whether or not there exists a premelting is an issue that should be interpreted with caution. A case in point is the rather weak C V bump of n Na ϭ20. Here it is interpreted to be due to the isomerization of surface atoms, for the n Na ϭ20 ground-state structure takes on the stable 19-atom double icosahedron plus an additional atom located at the central belt forming a tetrahedral pyramid. Such an appearance of two phase transitions in C V has been predicted also earlier by Poteau et al. 44 and later on by Reyes-Nava et al. 45 Nonetheless, in a very recent exchange Monte Carlo simulation of Calvo and Spiegelman 32 in which the thermalization of both nuclear ͑geometric͒ and electronic degrees of freedom are included, the presence of the prepeak disappears implying that the valence electrons play the role of suppressing the bump. The second feature has been previously observed by Calvo and Spiegelmann 15 who reached the same conclusion as ours, and by Poteau et al. and others 44, 46, 47 who explained the three-plateaus structures ͓Figs. 1͑a͒ and 1͑b͔͒ in terms of the thermal process of isomerization applied separately to first the surface and then the central atoms.
We proceed to study the thermal properties of K, Rb, and Cs. For these metals, we have chosen several clusters that were found to display anomalous ground-state structures. One such cluster is n Rb ϭ9 which exhibits C 2v symmetry in contradistinction to other n F ϭ9 (FϭNa, K, and Cs͒ where all three assume the same geometry, i.e., a regular tetrahedral bipyramid with one apex atom removed and replaced by two adjacent atoms forming the common edge of two regular tetrahedral pyramids. Another representative cluster is n K ϭ17. This cluster has a global minimum energy configuration that takes on a disordered structure entirely different from the remaining three alkali clusters. Let us first of all consider the cluster n Rb ϭ9 and one of ͑Na, K, and Cs͒, n K ϭ9 say. Their lowest energy geometries as dictated above are drastically different. Figures 2͑a͒ and 3͑a͒ depict our MD-simulated C V and ␦ for n K ϭ9 and n Rb ϭ9, respectively.
Despite their significant differences in the Tϭ0 K structures, one notes that C V (T) for these metallic clusters are amazingly similar as do their ␦. Solid-liquid-like transition in the sense of increasing diffusivity is predicted at TϷ150 K for both metals. Turning next to the cases n F ϭ16 (FϭRb and Cs͒, n F ϭ17 (FϭK and Rb͒, n F ϭ21 (FϭK and Cs͒, and n F ϭ32 (FϭNa and Cs͒ C V (T) in these clusters are of interest. The cases nϭ16 for Rb and Cs show similar thermal response in that their C V increase almost linearly with temperature. Their lowest energy configurations are different. Cluster n Rb ϭ16 takes on a 13-atom icosahedron with atoms placed at sites that join the ring of n Rb ϭ7 to form equilateral triangles whereas for n Cs ϭ16 it evolves from the n Cs ϭ15 hexagonal bipyramid structure with one of the vertex atoms removed and is replaced by two atoms becoming an edge. Apparently, these differences in ground-state configurations are inconsequential to the thermal probe since the simulated C V are similar showing an almost linear rise with temperature. As far as the C V is concerned, the clusters n Rb ϭ16 and n Cs ϭ16 are seen to undergo uniform melting resulting in their solid-liquid-like transition ambiguous. In spite of their linearly and thermally rise behaviors in C V , there is, however, an interesting feature indicated in their geometric parameter ␦ which show plateaulike structures similar to those ␦ of n Na ϭ13 and 20. The thermal process of isomerization may thus happen in these clusters as well. The same characteristic changes in C V (T) and ␦ are found for n K ϭ17 and n Rb ϭ17, although n K ϭ17, as mentioned above, shows disordered structure in its lowest energy state. Let us move on to compare n F ϭ21 (FϭK and Cs͒. Figures 4͑b͒ and 4͑d͒ in Ref. 17 compare their lowest energy geometries; n K ϭ21 basically evolves from the seeding unit of double icosahedron whereas for n Cs ϭ21 it is formed by adding six-coordinate atoms ͑pentagonal pyramid͒ to the hexagonal bipyramid. Their structures are therefore vastly different. Unexpectedly, C V in these metals behave much the same showing one single solid-liquid-like transition. There is, however, some minor difference in the change of ␦; after an initial solidlike state ͑up to TϷ49 K), ␦ of n K ϭ21 rises sharply whereas the increase of ␦ for n Cs ϭ21 is more gradual in the same temperature range. These behaviors for the nϭ21 are in marked contrast to clusters n Na ϭ32 and n Cs ϭ32 where their ␦ show solidlike phase up to TϷ74 and 60 K, respectively. Thus, for although their structures are the same at Tϭ0 K, the C V of cluster n Na ϭ32 exhibits a clear prepeak which differs somewhat from the Cs cluster whose C V displays a weaker and less conspicuous prepeak. Lastly, we compare the cluster size nϭ38 for all of the four alkali metallic clusters. The ⌬ 2 E indicates the K and Rb clusters to be stable, but the degree of stability is lesser compared with other magic number clusters in the range 3рnр56 ͑consult Fig. 3 in Ref. 17͒ . In contrast, the clusters n Na ϭ38 and n Cs ϭ38 are less well defined to be stable ͑magic-number-type͒ clusters. As a result, the groundstate truncated octahedron geometry adopted by the four clusters are slightly different. In fact K or Rb has atoms occupying hexagonal and square faces whereas for Na or Cs its atoms occupy hexagonal and rhombus faces. Generally these geometrical differences do not induce much change in the simulated C V where they all display a prepeak followed by a broad maximum. One should note, however, that the case n Cs ϭ38 is the least stable cluster among the four alkali metals studied here, and as a consequence, its premelting process occurs at a lower temperature.
At this point, it would be instructive to compare the above results for C V and ␦ with the ideal Morse clusters 48, 49 in order to gain further insight into the properties manifested by these thermal and geometric parameters. We should emphasize, however, that there is still a basic difference between the Gupta potential and the Morse potential; the former is constructed empirically to induce many-body effect whereas the latter is pairwise additive. The Morse potential is given by u͑r ͒/⑀ϭ͕exp͓͑ 1Ϫr/r e ͔͒Ϫ1͖ 2 Ϫ1, ͑14͒
where r e and ⑀ are the equilibrium pair separation and well depth, respectively. In Eq. ͑14͒, is a range parameter; a large ͑small͒ describes a potential with a short ͑long͒ range generally accompanied by a harsh ͑soft͒ repulsion. Girifalco and Weizer 50 have used the Morse potential to model fifteen bulk metals out of which we give in Table I 49 have reported works of Morse clusters of size nϭ13 and 55, respectively. These simulation studies point out two characteristic features. The first feature is that there is a tendency for the Morse cluster with a smaller to approach a lower freezing temperature T f which is the temperature below which only solid phase is accessible. When T f is reached, one would expect a distinct rise in the density of states resulting in the development of a C V peak between T f and T melt ͑the solid-liquid-like melting temperature͒. Our Lindemann index ␦ for the size nϭ38 in trend of decreasing , Na→K→Rb→Cs, appears to manifest this feature qualitatively. It is clear that underlying this T f behavior is the operation of the interactions of particles. In fact the same T f signature has been examined in a similar manner by Rey et al. 47 who used an inverse m-n power potential to study the influence of the repulsive part of the potential on C V and ␦.
In order of increasing softness Na→K→Rb→Cs, essentially the same conclusion on T f was arrived at. The second feature is that the C V peak drops significantly for Ͻ5. This feature implies that clusters characterized by falling into this range may be quite different from those with у5. Since LennardJones clusters are described by close to 6, it is plausible that quantitative results deduced from the additive pairwise Morse potential may not be useful for metallic clusters considered here. As a concrete example, we carry out simulation for the cluster n Cs ϭ20 whose interparticle interaction is known to be softest in the group of alkali metals. As this second feature implies, the weak hump predicted for the cluster n Na ϭ20 ͓Fig. 1͑b͔͒ is probably less likely appeared in caesium. One sees, however, from Fig. 5͑a͒ ͓see also Fig.   5͑b͒ for ␦͔ that the small prepeak at a lower temperature remains discernible. At this point, it is perhaps worthwhile to make a relevant comment on the use of inherent structure analysis to understand the melting behavior. Consider the simulation studies of Morse clusters nϭ13 and 55. Moseler and Nordiek, 51 and Shah et al. 49 found that as the interaction range increases ͑decreases͒, the number and the energy range of metastable states available on melting ͑across the cluster transition temperature͒ decreases ͑increases͒. An observation inferred from the inherent structure analysis of Morse potential clusters is that the melting behavior ͑at least for the short ranged ϭ12 and 13͒ is independent of the Tϭ0 K structure. Apparently, the melting behaviors presented above for the clusters nϭ9, 16, 17, 38 ͑for Na, K, and Rb͒, and to some extent, 21 are in line with this observation. Nonetheless, since the alkali metallic clusters studied here are characterized by soft and long-ranged interactions (Ͻ4), the number of metastable states accessible to them on melting is small, and as a result, the differences in the ͑sparse͒ density of states are likely to be relatively larger. It would be worthwhile to quantify the observation by effecting a similar inherent structure analysis for these clusters using the more realistic many-body Gupta-type potential.
Sodium: nÐ55
Coming now to the larger clusters, we restrict our study to the sodium cluster since only for this metal are relevant experimental results available for comparison. We depict in
Figs. 6͑a͒-6͑d͒ the C V and ␦ separately plotted against T for clusters at n Na ϭ75, 93, 139, and 147, respectively. These thermal curves reveal two points. The first one is the occurrence of a single-step change in ␦ which can be roughly associated with the principal maximum of C V . The second one is the interesting variation of C V in going from n Na ϭ75 to 147 where we see the high temperature side of C V decreasing and levels off at a value close to that in the low temperature C V on the left-hand side. In view of the gradualto-sharp change in C V the identification of the solid-liquidlike transition for large n, from a broad temperature band to a narrower one, becomes less ambiguous. The cluster n Na ϭ75 should perhaps be sorted out for discussion. It can be seen from Fig. 6͑a͒ that ␦(T) for this cluster undergoes a monotonous increase as soon as it is heated up to TϷ40 K.
This variation in ␦ implies the ease of motion of the atoms possibly the surface ones ͑judging from the Tϭ0 K structure, see Fig. 7͒ . The process continues until it goes over to the liquidlike behavior at TϷ130 K for we observe at this temperature a change in slope of ␦(T) as well as a distinct peak in C V . We can delve further into understanding why it is so from its ground-state structure. Referring to Fig. 7 , it is seen that this cluster is less stable ͑compared, for example, to n Na ϭ55 or the two larger clusters n Na ϭ139 and 147 mentioned above͒ since atoms on the surface are adatoms to the cluster n Na ϭ71 which is structurally more compact. To see this, we compare in Fig. 8 the ground-state cluster n Na ϭ71 with the one where four adatoms in n Na ϭ75 have been removed. These structures suggest that the surface adatoms in cluster n Na ϭ75 can easily move about to occupy accessible sites. Surface melting seems likely. Similar conclusion for n Na ϭ75 has been reached by Calvo and Spiegelmann 15 in their Monte Carlo simulation studies. Note in particular that the high temperature side of n Na ϭ93 is quite similar to n Na ϭ75, but its C V has a lower value. The rise in ␦ for n Na ϭ93 on the low temperature side is, however, sharper. In contrast, the two clusters n Na ϭ139 and 147 are structurally more stable and hence one sees clear and sharp single peaks in their C V . For these two clusters, their ␦ correspond quite well with the single peak positions of C V .
Finally, we display in Fig. 9 the change in melting temperature T melt with size n for sodium which is the only free metallic cluster reported experimentally. 22, 23 The trend in our plot T melt vs n is compatible with measurements for n Ͻ100, but for n above 100, T melt shows deviation. The disagreement is mainly due to T melt at size n Na ϭ125 which is a maximum in opposition to the experimental value. The magnitude of T melt obtained in the present work is generally lower and may be attributed to our neglect of the electronic shell contribution. Our T melt extracted from simulation data are, however, closer to the MD simulation of Reyes-Nava et al. 45 who carried out an extremely long time simulation, and to the exchange Monte Carlo simulation of Calvo and Spiegelman 52 who reported a T melt vs n curve of semiquantitive quality as ours ͑compare Fig. 9 and Fig. 1 in Ref. 52͒.
B. Polyvalent metals: Al and Pb
Metallic Al
The trivalent metal aluminum and the alkali metals such as sodium are typical sp-type simple metals whose valence electronic structures exhibit the nearly free electron behavior. It would be interesting to examine the role of valence electrons ͑in the present context in some average sense via the fitted Gupta-type potential parameters͒ in these two groups of metallic systems. We depict first of all in Fig. 10 the stability curve for the energy difference ⌬E and also the second energy difference ⌬ 2 E. From the energy stability curves, the clusters n Al ϭ6, 13, 19, 23, 25, 28, 38 , and 55 can be identified to be relatively more stable. Some of these ͑magic number͒ stable clusters, namely, nϭ13, 19, 23, and 55, are stable clusters also for the alkali metals and they have the same ground-state structures as those of the alkali metals reported earlier. 17 These lowest energy minimum configurations are shown in Figs. 11͑a͒ and 11͑b͒ . It is natural to inquire if the thermal effect has any bearing on them. We have compared in Figs. 12͑a͒-12͑d͒ the C V between Al and Na for nϭ13, 19, 23, and 55. In three of the clusters, n Al ϭ13, 19, and 55, a distinct one phase transition peak can be identified. Among these, the principal peak positions of C V for n Al ϭ13 (TϷ845 K) and n Al ϭ55 (TϷ555 K) agree quite well with those (n Al ϭ13, TϷ880 K; n Al ϭ55, T For all these three clusters, ␦ characteristics are similar to the alkali metallic clusters. The cluster n Al ϭ13 deserves mentioning since it shows two abrupt changes in ␦. The twostage transitions have been analyzed earlier by Krissinel and Jellinek 46 and more recently by Jellinek and Goldberg 36 to be due to the isomerization transitions involving in the first step only the surface atoms and in the second step the central atom. There is, however, an additional anomaly, namely the C V of n Al ϭ23. For although Al and alkali metals assume the same ground-state geometries, their C V behavior are entirely different. Specifically, the heat capacity for n Al ϭ23 exhibits a two-step rise and the solid-liquid-like transition is vaguely defined whereas for Na, it is clearly seen ͓Fig. 12͑c͔͒ that an unimodal structure is predicted. Surprisingly, the ␦ of these metals show quite similar characteristics. Also, as can be seen in Figs. 13͑a͒-13͑c͒ for n Al ϭ25, 28, and 38, it is indeed difficult to make precise prediction since the cluster returns to a single peak structure for C V at n Al ϭ25 which is also a stable one according to the ⌬ 2 E stability curve. As we proceed further to clusters n Al ϭ28 and 38, their C V indicate premelting tendency. A glance at Fig. 10 shows again that for such stable magic number clusters the degree of stability is lesser. It thus appears that the ⌬ 2 E stability curve may be a useful qualitative indicator predicting whether a cluster has the tendency of showing premelting behavior. 
Metallic Pb
Coming to the tetravalent metal Pb, the study of the microstructural properties becomes complicated owing, on the one hand, to the non-nearly free electron behavior, and on the other hand, to the complex ground-state structures. 17 As with the alkali and Al metallic clusters, we have carried out the Brownian-type MD simulation for n Pb ϭ13, 23, 30, 38, and 53 which are stable magic number clusters according to the energy stability curves ͑Fig. 5 in Ref. 17͒. Since this metal has a larger range parameter (ϭ4.42) and has the tendency of distributing atoms in close packed and decahedral patterns formed by intervening the pentagonal and hexagonal pyramids, one would not be surprising to see anomalous thermal behaviors even if it possesses the same groundstate structures as those of sp-type simple metals. Indeed, the predicted C V and ␦ are generally quite different from the alkali and Al metals. An exception is the most stable cluster n Pb ϭ13 ͑see Fig. 5 We should emphasize at this point that for n Pb ϭ13 and 14 we pay due attention to performing an extremely long simulation run (у3ϫ10 7 ⌬t). We confirm that no premelting behavior exists for the n Pb ϭ13 cluster. Of the remaining four clusters delineated in Fig. 15 three exhibit premelting features and they are continued by the solid-liquid-like phase transition. Note in particular the cluster n Pb ϭ30. Its lowest energy structure makes up of three interpenetrating D 3h units. Such a ground-state pattern is probably more susceptible to the thermal probe which thus explains the abnormally large prepeak. A common feature prevailing in Pb clusters is that they are relatively less stable ͑see 
IV. CONCLUSION
In this work, we apply the Brownian-type isothermal MD simulation to study the thermal and geometric properties of metallic clusters. By scrutinizing the characteristic of the simulated C V together with the rms bond-length fluctuation parameter ␦, we learn the following:
͑a͒ The Brownian-type MD simulation yields reasonable C V and ␦ data and is as efficient as the commonly used MD simulation, such as the microcanonical MD method, for example.
͑b͒ The alkali and Al metallic clusters whose groundstate structures favor icosahedral display a single distinct peak in their C V corresponding to one phase transition. There is, however, an exception to this general scenario. Clusters such as n Na ϭ20, 32, n Al ϭ28 and n F ϭ38 (FϭNa, K, Rb, Cs, and Al͒ show two phase transitions; the C V of these clusters exhibit a bump or prepeak signalizing premelting and a main maximum describing the solid-liquid-like melting.
͑c͒ For the metallic cluster sodium, our results for T melt generally follows the trend of measurement. The overall predicted magnitude of T melt is lower and may be attributed to the neglect of electronic shell contribution.
͑d͒ Metallic cluster Pb has rather complex thermal properties owing to its non-nearly free electron behavior. With the exception of the most stable cluster n Pb ϭ13, most other clusters studied in this work show two phase transitions upon heating. Premelting scenario is thus common in Pb clusters.
͑e͒ The clusters classified to be of lesser degree in stability ͑among other stable ones͒ according to ⌬ 2 E are seen to have a greater tendency of first undergoing premelting and then proceeding to progressive melting in the sense of increasing diffusivity.
